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RIESZ MEANS ON LOCALLY SYMMETRIC SPACES
EFFIE PAPAGEORGIOU
To the memory of Professor Michel Marias.
Abstract. We prove that for a certain class of n dimensional
rank one locally symmetric spaces, if f ∈ Lp, 1 ≤ p ≤ 2, then the
Riesz means of order z of f converge to f almost everywhere, for
Re z > (n− 1)(1/p− 1/2).
1. Introduction and statement of the results
In the present work we deal with the almost everywhere convergence
of the Riesz means. We extend the results on rank one symmetric
spaces in [10] to a class of rank one locally symmetric spaces. Recall
that non-compact rank one symmetric spaces are the real, complex and
quaternionic hyperbolic spaces, and the octonionic hyperbolic plane.
Let G be a semi-simple, non-compact, connected Lie group with
finite center and let K be a maximal compact subgroup of G. Consider
the symmetric space of non-compact type X = G/K. Let dimX = n.
Denote by g and k the Lie algebras of G and K, respectively. We have
the Cartan decomposition g = p ⊕ k. Let a be a maximal abelian
subspace of p and let a∗ be its dual. If a ∼= R, then we say that X has
rank one.
Consider the multiplier
(1) szR(λ) =
(
1− ρ
2 + λ2
R
)z
+
, λ ∈ a∗,
where ρ is the half sum of positive roots, counted with their multiplic-
ities, R ≥ ρ2 and z ∈ C with Re z ≥ 0. Denote by κzR the inverse
spherical Fourier transform of szR in the sense of distributions and con-
sider the Riesz means on X to be the convolution operator SzR:
(2) SzR(f)(x) =
∫
G
κzR(y
−1x)f(y)dy, f ∈ C0(X).
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Let Γ be a discrete and torsion free subgroup of G and consider the
locally symmetric space M = Γ\X = Γ\G/K. Then M , equipped with
the projection of the canonical Riemannian structure of X , becomes a
Riemannian manifold.
To define Riesz means on M , we first observe that if f ∈ C∞0 (M),
then the function SzRf defined by (2) is right K-invariant and left Γ-
invariant. So SzR can be considered as an operator acting on functions
on M, which we shall denote by ŜzR. Let
Ps(x, y) =
∑
γ∈Γ
e−sd(x,γy), s > 0,
denote the Poincare´ series. The critical exponent δ(Γ) is defined by
δ(Γ) = inf{s > 0 : Ps(x, y) < +∞}.
Note that δ(Γ) ≤ 2ρ, [19].
The counting function NΓ of Γ is given by
(3) NΓ(x, y, A) = #{γ ∈ Γ : d(x, γy) ≤ A}, x, y ∈ X, A > 0,
where #E denotes the cardinality of the set E.
We say that a rank one locally symmetric spaceM = Γ\G/K belongs
in the class (R) if
(i) δ(Γ) < ρ, and
(ii) the counting function satisfies the following uniform asymptotics:
there is a constant c > 0, such that for all x, y ∈ X,
(4) lim
A→+∞
NΓ(x, y, A)
eδ(Γ)A
= c.
Our main result is the following.
Theorem 1. Let 1 ≤ p ≤ 2. If M ∈ (R) and Re z > (n − 1)(1
p
− 1
2
),
then
lim
R→+∞
ŜzRf(x) = f(x), a.e., for f ∈ Lp(M).
Theorem 1 extends the results of [10] in the class (R) of rank one
locally symmetric spaces. Note that (4) holds for a rich class of groups,
e.g. when Γ is convex co-compact (including uniform lattices and
Schottky groups with no parabolic element) or geometrically finite of
divergence type with at least one parabolic element. For more details
on the class of groups satisfying (4), see [9] and the references therein.
The Riesz means have already been extensively studied in the case
of Rn ([4, 5, 8, 17]). The case of Lie groups and Riemannian manifolds
of nonnegative curvature is treated in [1] and the case of elliptic differ-
ential operators on compact manifolds in [3, 6, 11, 14, 16]. For the case
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of rank one noncompact symmetric spaces see [10] and for the case of
SL(3,H)/Sp(3) see [20].
This paper is organized as follows. In Section 2 we present the nec-
essary preliminaries, and in Section 3 we prove Theorem 1. For the
proof of Theorem 1, we study the mapping properties of the maximal
operator associated with Riesz means. For the local part, we prove that
the maximal operator is dominated by the Hardy-Littlewood maximal
operator. For the part at infinity, we use a summation argument and
the properties implied by (4).
Throughout this article, the different constants will always be de-
noted by the same letter c.
2. Preliminaries
In this section we recall some basic facts about symmetric spaces.
For more details see for example [2, 9, 13].
2.1. Symmetric spaces. Let G be a semisimple Lie group, connected,
noncompact, with finite center and let K be a maximal compact sub-
group of G. We denote by X the noncompact symmetric space G/K.
In the sequel we assume that dimX = n. Denote by g and k the Lie al-
gebras of G and K. Let also p be the subspace of g which is orthogonal
to k with respect to the Killing form. The Killing form induces a K-
invariant scalar product on p and hence a G-invariant metric on G/K.
Denote by d(., .) the Riemannian distance and by dx the associated
Riemannian measure on X .
Fix a a maximal abelian subspace of p and denote by a∗ the real dual
of a. If dim a = l, we say that X has rank l. We also say that α ∈ a∗
is a root vector, if
gα = {X ∈ g : [H,X ] = α(H)X, for all H ∈ a} 6= {0} .
Denote by ρ the half sum of positive roots, counted with their multi-
plicities.
From now on, we assume that rankX = 1. Let A be the analytic
subgroup of G with Lie algebra a ∼= R. Let a+ ⊂ a be a positive Weyl
chamber and let a+ be its closure. We have the Cartan decomposition
(5) G = K exp a+K.
Then, each element x ∈ G is written uniquely as x = k1(expH)k2.
Denote by x0 = eK a base point of X . If we choose points x, y in the
homogeneous space X , there are isometries g, h ∈ G such that x = gx0
and y = hx0. Because of the Cartan decomposition (5) of the Lie group
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G, there are k, k′ ∈ K and a unique H ∈ a+ with g−1h = k expHk′ .
Then,
d(x, y) = ‖H‖,
where d(x, y) is the distance on X , [19].
Normalize the Haar measure dk of K such that
∫
K
dk = 1. Then,
from the Cartan decomposition, it follows that∫
G
f(g)dg =
∫
K
dk1
∫
a+
δ(H)dH
∫
K
f(k1 exp(H)k2)dk2,
where the modular function δ(H) satisfies the estimate
(6) δ(H) ≤ ce2ρ‖H‖.
We identify functions on X = G/K with functions on G which are
K-invariant on the right, and hence bi-K-invariant functions on G,
with functions on X , K-invariants on the left. Note that if f is K-bi-
invariant, then
(7)
∫
G
f (g) dg =
∫
X
f (x) dx = c
∫
a+
f(expH)δ(H)dH.
2.2. The spherical Fourier transform. Denote by S(K\G/K) the
Schwartz space of K-bi-invariant functions on G. The spherical Fourier
transform H is defined by
Hf(λ) =
∫
G
f(x)ϕλ(x) dx, λ ∈ a∗, f ∈ S(K\G/K),
where ϕλ are the elementary spherical functions on G. Let S(a
∗) be the
usual Schwartz space on a∗. Denote by W the Weyl group associated
to the root system of (g, a) and let S(a∗)W be the subspace of W -
invariants in S(a∗). Then, by a celebrated theorem of Harish-Chandra,
H is an isomorphism between S(K\G/K) and S(a∗)W . Its inverse is
given by
(H−1f)(x) = c
∫
a∗
f(λ)ϕ−λ(x)
dλ
|c(λ)|2 , x ∈ G, f ∈ S(a
∗)W ,
where c(λ) is the Harish-Chandra function.
2.3. The counting function. Set
(8) ΓA(x, y) = {γ ∈ Γ : d(x, γy) ≤ A}, x, y ∈ X, A > 0,
and recall that the counting function of Γ is NΓ(x, y, A) = #ΓA(x, y).
In our case, the counting function NΓ(x, y, A) satisfies
(9) lim
A→+∞
NΓ(x, y, A)
eδ(Γ)A
= c.
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Note that (9) implies that we have
(10) NΓ(x, y, A) ≤ ceδ(Γ)A.
In [9, Lemma 6], it is proved the following result.
Lemma 2. Assume that Γ satisfies (9). If s > δ(Γ), then there are
positive constants A and c such that
(11)
∑
γ∈Γ
e−sd(x,γy) ≤ c
∑
γ∈ΓA(x,y)
e−sd(x,γy),
for all x, y ∈ X.
Combining (10) and (11) for s > δ(Γ), we have
(12)
∑
γ∈Γ
e−sd(x,γy) ≤ cNΓ(x, y, A) ≤ ceδ(Γ)A ≤ c.
3. Proof of Theorem 1
In this section we shall study the boundedness of the maximal oper-
ator
(13) Ŝz∗f(x) = sup
R>0
|ŜzRf(x)|, for f ∈ Lp(M), 1 ≤ p ≤ 2.
Our aim is to prove the Lp(M) − (Lp + Lr)(M) boundedness of Ŝz∗
in Theorem 5, which is our main result. Then, Theorem 1 follows
by intepolation and well-known measure theoretic arguments, see for
example [12, Theorem 2.1.14].
The Riesz means kernel κzR on X is given by
κzR(expH) = H−1
((
1− λ
2 + ρ2
R
)z
+
)
(expH) , λ ∈ a∗, H ∈ a+.
Using this formula and the expression of the inverse spherical Fourier
transform H−1 in the case of rank one symmetric spaces, Giulini and
Mauceri in [10] obtained the following estimate of κzR:
(14)
|κzR(expH)| ≤ c(z)Rn/2(1+
√
R‖H‖)−Re z−(n+1)/2(1+‖H‖)(n−1)/2e−ρ‖H‖.
Recall now that the Riesz means operator on M is initially defined
as a convolution operator on G,
(15) (ŜzRf)(x) =
∫
G
κzR(y
−1x)f(y)dy, f ∈ C∞0 (M).
Set κzR(x, y) = κ
z
R(y
−1x) and
(16) κ̂zR(x˜, y˜) =
∑
γ∈Γ
κzR(x, γy).
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We shall first prove the following result.
Proposition 3. If M ∈ (R), then the series (16) converges and the
Riesz means operator ŜzR on M is given by
(17) (ŜzRf)(x˜) =
∫
M
κ̂zR(x˜, y˜)f(y˜)dy˜.
Proof. Use the Cartan decomposition and write (γy)−1x = kγ expHγk
′
γ.
Then, since κzR is K-bi-invariant, κ
z
R((γy)
−1x) = κzR(expHγ). The dis-
tance on M is defined by
(18) dM(x˜, y˜) = inf
γ∈Γ
d(x, γy) = ‖Hγ‖,
where x˜ = π(x) and π : X → M denotes the covering map.
Recall that δ(Γ) < ρ. Then, estimate (14) implies that for 0 < ǫ <
ρ− δ(Γ),
|κ̂zR(x˜, y˜)| ≤ c(z)Rn/2
∑
γ∈Γ
(1 +
√
R‖Hγ‖)−Re z−(n+1)/2(1 + ‖Hγ‖)(n−1)/2e−ρ‖Hγ‖
≤ c(z)Rn/2
∑
γ∈Γ
(1 +
√
R‖Hγ‖)−Re z−(n+1)/2e−(ρ−ǫ)‖Hγ‖
≤ c(z)Rn/2(1 +
√
RdM(x˜, y˜))
−Re z−(n+1)/2
∑
γ∈Γ
e−(ρ−ǫ)‖Hγ‖
≤ c(z)Rn/2(1 +
√
RdM(x˜, y˜))
−Re z−(n+1)/2Pρ−ǫ(x, y) < +∞.
(19)
Thus, it remains to prove (17). Since κzR and f are right-K-invariant,
from (15) we get that
(ŜzRf)(x) =
∫
X
κzR(x, y)f(y)dy.
Now, since f is left Γ-invariant, by Weyl’s formula we find that
(ŜzRf)(x) =
∫
X
κzR(x, y)f(y)dy =
∫
Γ\X
(∑
γ∈Γ
κzR(x, γy)f(γy)
)
dy˜
=
∫
M
κ̂zR(x˜, y˜)f(y˜)dy˜.

Next, we proceed as in [10], and we prove the following lemma.
Lemma 4. If f ∈ L2(M) and z ∈ C with Re z > 0, then ‖Ŝz∗f‖2 ≤
c(z)‖f‖2.
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Proof. Let ĤR be the heat semigroup on M . By [15, Lemma 6], it
holds ‖ĤR‖L2(M)→L2(M) = e−λ0R ≤ 1, where λ0 ≥ 0 is the bottom of the
L2-spectrum of the Laplacian onM . Thus, by [18, Chapter III, MAXI-
MAL THEOREM], the heat maximal operator f → Ĥ∗f := sup
R>0
|ĤRf |
is bounded on L2(M). Thus, it suffices to prove the boundedness of
(Ŝz−Ĥ)∗. Using the spectral theorem for ∆M and the Mellin transform
we have
(20) (ŜzR − ĤR)f =
∫
R
c(z, s)R−is(−∆M)isfds,
where |c(z, s)| ≤ c(z)(1 + |s|)−(Re z+1) [10]. So, the integral in (20)
converges. Since L2(M) is a complete Banach lattice, from [7], we can
write
(Ŝz−Ĥ)∗f = sup
R>0
|(ŜzR−ĤR)f | ≤ c(z)
∫
R
(1+|s|)−(Re z+1)|(−∆M )isf |ds.
Thus, since ‖(−∆M)is‖L2(M)→L2(M) ≤ 1 by the spectral theorem, we
obtain
‖(Ŝz − Ĥ)∗f‖L2(M) ≤ c(z)‖f‖L2(M).

Our main result is the following.
Theorem 5. Let Re z > (n − 1)/2. There exists q > 2 such that if
1 < p ≤ q′, then Ŝz∗ maps Lp(M) continuously into (Lp + Lr)(M) for
every r ∈ [qp′/(p′ − q),+∞]. Moreover, Ŝz∗ maps L1(M) continuously
into (L1,w + Lr)(M) for every r ∈ [q,+∞].
Proof. We have
ŜzRf(x˜) =
∫
M
κ̂zR(x˜, y˜)f(y˜)dy˜
=
∫
B(x˜,1)
κ̂zR(x˜, y˜)f(y˜)dy˜ +
∫
B(x˜,1)c
κ̂zR(x˜, y˜)f(y˜)dy˜ := I1 + I2.
Estimates for I1. Let Nψ denote the maximal operator
(21) Nψf(x˜) = sup
t∈(0,1)
ψ(t)
∫
BM (x˜,t)
|f(y˜)|dy˜, ψ(t) = t−n, t > 0.
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Using (12), (19) and (21), we have
|I1| ≤
∫
B(x˜,1)
|κ̂zR(x˜, y˜)||f(y˜)|dy˜
≤ c(z)Rn/2
∫
B(x˜,1)
1
(1 +
√
RdM(x˜, y˜))Re z+(n+1)/2
|f(y˜)|dy˜
= c(z)
∫
B(x˜,1)
dM(x˜, y˜)
−n (
√
RdM(x˜, y˜))
n
(1 +
√
RdM(x˜, y˜))Re z+(n+1)/2
|f(y˜)|dy˜
= c(z)
0∑
ν=−∞
∫
2ν−1<dM (x˜,y˜)≤2ν
dM(x˜, y˜)
−n (
√
RdM(x˜, y˜))
n
(1 +
√
RdM(x˜, y˜))Re z+(n+1)/2
|f(y˜)|dy˜
≤ c(z)
0∑
ν=−∞
∫
2ν−1<dM (x˜,y˜)≤2ν
2−n(ν−1)
(
√
R2ν)n
(1 +
√
R2ν−1)Re z+(n+1)/2
|f(y˜)|dy˜
≤ c(z)
0∑
ν=−∞
(
√
R2ν)n
(1 +
√
R2ν−1)Re z+(n+1)/2
ψ(2ν)
∫
dM (x˜,y˜)≤2ν
|f(y˜)|dy˜
≤ c(z)Nψf(x˜)
0∑
ν=−∞
(
√
R2ν)n
(1 +
√
R2ν−1)Re z+(n+1)/2
.
(22)
Let 2k <
√
R ≤ 2k+1, for some k ∈ Z. Thus, √R = 2k+ǫ, for some
ǫ ∈ (0, 1]. Then, note that
0∑
ν=−∞
(
√
R2ν)n
(1 +
√
R2ν−1)Re z+(n+1)/2
=
0∑
ν=−∞
(2k+ν+ǫ)n
(1 + 2k+ν−1+ǫ)Re z+(n+1)/2
≤
+∞∑
ℓ=−∞
(2ℓ+ǫ)n
(1 + 2ℓ−1+ǫ)Re z+(n+1)/2
≤ c
0∑
ℓ=−∞
(2ℓ)n + c
+∞∑
ℓ=0
(2ℓ)−Re z+(n−1)/2 < c,(23)
provided that Re z > (n − 1)/2. Combining (22) and (23), it follows
that
(24) |I1| ≤ c(z)Nψf(x˜).
Since ψ(t) behaves like |BM(x˜, t)|−1, as t→ 0+, it follows that |I1| is
dominated by the Hardy-Littlewood maximal function over the balls of
radius at most 1. A standard covering lemma shows that the maximal
operator Nψ is of weak type 1− 1 and is bounded on Lp(M) for every
1 < p ≤ ∞.
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Estimates for I2. Using (19), we have
|I2| ≤
∫
B(x˜,1)c
|κzR(x˜, y˜)||f(y˜)|dy˜
≤ c(z)
∫
B(x˜,1)c
∑
γ∈Γ
Rn/2(1 +
√
R‖Hγ‖)−Re z−(n+1)/2e−(ρ−ǫ)‖Hγ‖|f(y˜)|dy˜.
(25)
Note that since dM(x˜, y˜) > 1, it follows that ‖Hγ‖ > 1 for every γ ∈ Γ.
Thus, taking into account that R ≥ ‖ρ‖2, we have
(26) Rn/2(1 +
√
R‖Hγ‖)−Re z−(n+1)/2 ≤ (
√
R)−Re z+(n−1)/2 ≤ cρ,
provided that Re z > (n− 1)/2.
Let T be the integral operator on M with kernel
(27) κ̂(x˜, y˜) = Pρ−ǫ(x, y).
Then, by (25) and (26), it follows that
|I2| ≤ c(z)T (|f |)(x˜).
We claim that κ̂ ∈ Lq(M), for every q > 2. Then, by Young’s inequal-
ity, the operator T maps Lp(M), 1 ≤ p ≤ q′, continuously into Lr(M)
for every r ∈ [qp′/(p′ − q),+∞].
Using (11), (9) and the fact that ΓA(x, y) is a finite set, we have(∑
γ∈Γ
e−(ρ−ǫ)d(x,γy)
)q
≤
(
c
∑
γ∈ΓA
e−(ρ−ǫ)d(x,γy)
)q
≤ c(#ΓA(x, y))q−1
∑
γ∈Γ
e−q(ρ−ǫ)d(x,γy)
≤ cN(x, y, A)q−1
∑
γ∈Γ
e−q(ρ−ǫ)d(x,γy)
≤ ce(q−1)δ(Γ)
∑
γ∈Γ
e−q(ρ−ǫ)d(x,γy).(28)
Using Weyl’s formula, (6) and (7), we have that∫
M
∑
γ∈Γ
e−q(ρ−ǫ)d(x,γy)dy =
∫
X
e−q(ρ−ǫ)d(x,y)dy
= c
∫ ∞
0
e−r((q−2)ρ−qǫ)dr < +∞,(29)
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for ǫ < (q−2)ρ
q
. Thus, combining (28) and (29), we obtain that for every
q > 2,
(30)
∫
M
(∑
γ∈Γ
e−(ρ−ǫ)d(x,γy)
)q
dy ≤ c.
By (27) and (30), it follows that the claim that κ̂ ∈ Lq(M), q > 2,
is valid. Thus, the proof of Theorem 5 is complete. 
Using complex interpolation, we have the following result.
Theorem 6. Let 1 ≤ p ≤ 2. If M ∈ (R) and Re z > (n − 1)(1
p
− 1
2
),
then for every r > pq/(2− p+ pq − q), we have
‖Ŝz∗f‖(Lp+Lr)(M) ≤ c(z)‖f‖Lp(M)
for every f ∈ Lp(M).
As a corollary of Theorem 6 and standard measure-theoretic argu-
ments, Theorem 1 follows.
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